Introduction.
The study of turbulent transport is fundamental to understanding of temperature fields as well as pollutant or tracer particles movement in the atmosphere and oceans and solute transport in groundwater flows [1] . For a long time, the Brownian motion (BM) and the heat equation have been the paradigm for describing large-scale turbulent transport since Taylor's works in the 1920s. The wide applicability of the Brownian motion and the related Gaussian processes have much to do with the central limit theorem which is often assumed to be valid over large scales if there is no memory or intermittency effect.
To account for the memory or intermittency effect, anomalous diffusions have been introduced in recent years as phenomenological models within the framework of fractional kinetic equations or continuous-time random walks (see [21] , [12] , [19] , and the references therein). The mechanisms for anomalous behaviors are generally attributed to long waiting times (subdiffusion) or long flights (superdiffusion) or both. The former results in fractional-in-time (hence non-Markovian) differential operators while the latter results in fractional-in-space differential operators. In both cases the underlying processes are non-Gaussian.
In this paper we derive rigorously the fractional Brownian motions (FBMs) as limiting processes of large-scale motions of particles being advected by a family of random flows that are decorrelated both in space and time but in a manner depending on the wave modes of the velocity. This dependence is described in terms of two crucial parameters (a and 0) of the flows. Our limit theorem also characterizes the multiple-particle motions in the FBM regime. FBMs are Gaussian but non-Markovian processes and are different from the phenomenological models mentioned above. The FBMs we find in this paper are invariably superdiffusive due to the positive memory effect, while the FBMs we found elsewhere [7] for a different type of flows can be subdiffusive as well as superdiffusive. By varying the parameters we see that the limiting processes can switch from FBMs to the Brownian motion, and we characterize the boundary of transition precisely.
The FBM regime indicates the breakdown of the central limit theorem, but the Gaussianity persists in the limit and is inherited from that of the velocity field. It is an open problem if one would obtain non-Gaussian limits for non-Gaussian velocity fields, which are beyond the methodology of the paper.
For the particle displacement x(t) in a given random velocity V(t, x) we consider the general large-scale limit x(t) -=x(-4) X'(t -E ( 2q satisfying the equation ( 
1.1) dxz(t) = el-2qV(e-2qt,
e-Px(t))dt + E1-q dB(t), p > 0, for some q > 0 (to be determined) as e tends to zero. Here B(t) is the Brownian motion and , is the molecular diffusivity. The special case of p -0 and q = 1 is the white-noise-in-time limit. The scaling limit with p = 1 is the homogenization limit. We assume that, in addition to incompressibility, the velocity V(t, x), (t, x) E R x Rd, is a zero mean, time-stationary, space-homogeneous, isotropic, OrnsteinUhlenbeck (thus, Gaussian and Markovian) process with long-range correlations (see below). Here the scaling exponent q depends on the correlation functions of the velocity. The scaling limit (1.1) has been studied by Kesten and Papanicolaou [11] in the case of p = 0 and Komorowki [13] , [14] in the general case of 0 < p < 1 for velocities sufficiently strongly mixing in time, and in this situation the scaling exponent is always q = 1, i.e., the diffusive scaling, and the limiting process is a Brownian motion with the diffusion coefficients given by the Taylor-Kubo formula [22] To understand how the long-range correlation in velocity fields may change the diffusive scaling, we study the weak coupling limit for Ornstein-Uhlenbeck velocities with long-range correlations in both space and time (thus, nonmixing) defined as follows. We define the family of velocity fields with power-law spectra as follows. Let (Q2, V, P) be a probability space of which each element is a velocity field V(t, x), (t, x) E R x IRd satisfying the following properties.
(HI) V(t, x) is time-stationary, space-homogeneous, and centered, i.e., EV(0, 0) = 0, and Gaussian. Here E stands for the expectation with respect to the probability measure P. Note that for a < 1 the instantaneous two-point correlation functions Rij (0, x) decays to zero as Ix| tends to infinity. The velocity is strongly temporally mixing if and only if 3 = 0 (see [20] Theorem 1 characterizes the limit of one-point motion whereas Theorem 2 enables us to calculate the limit of multiple-point motion with each particle starting from a different point. It is straightforward to check from the corresponding approximations (1.9) and (1.10) that any two particles with a fixed initial separation in xe(0) become, in the limit e -+ 0, independent Brownian or FBMs for p > 0. However, if the initial separation of particles is of order Ep, then the resulting limit processes are correlated as in the case of p = 0 which has been studied in [6] . The proofs of Theorem 1 and 2 use (finite) diagrammatic expansion and are given in sections 4-6.1. In the main text we present the physical explanation of the theorems in terms of the frozen path approximation. The results are shown schematically in Figure 1 . In section 7 we provide a scaling argument for the case of p > 1 for the fractional Brownian regime.
When an additional infrared cutoff of the size 6e is introduced in the velocity spectrum, the results depend on whether the cutoff is subcritical, y, < (a + 2/3 -1)-1, or supercritical, y > (a +2~ -1)-1. A supercritical cutoff does not affect the diagram, but a subcritical cutoff does. In particular, the regime of FBM limit disappears, and the limit is always a Brownian motion when the infrared cutoff is subcritical (see [2] , [3] ). We will not further discuss the effect of infrared cutoff in this paper.
The effect of molecular diffusion on transport may be subtle (see [18] , [7] ). However, for isotropic flows with monotonically decaying temporal correlation, small molecular diffusivity is negligible and will only affect results perturbatively. So we set K = 0 from now on to simplify the presentation. As explained in the introduction, the molecular diffusion has only a perturbative effect and will be set to zero to simplify the calculation. The motion of the tracer is then described by dz(t) (4. for n 1, 2,.... In conclusion, we proved that the utmost left-hand side of (4.10) tends to Dt as E 1 0, provided that a + / < 1. 
To estimate both In and the remainder term RN, (t) we shall deal with expectations of polynomial-like expressions in a Gaussian variable. To calculate the expectation of multiple product of Gaussian random variables, we use Feynman diagrams borrowed from quantum field theory (see, e.g., [9] and [10]). A Feynman diagram F (of order n = number of vertexes and rank r = number of edges) is a graph consisting of a set B(F) of n vertexes and a set E(F) of r edges without common endpoints. So there are r pairs of vertexes, each joined by an edge, and n -2r unpaired vertexes, called free vertexes. Let B(F) be a subset of positive integers. An edge whose endpoints are m, n E B is represented by imi (unless otherwise specified, we always assume m < n); an edge includes its endpoints. A diagram F is said to be based on B(F). Denote the set of free vertexes by A(.), so A(F) = F \ E(.F). The diagram is complete if A(F) is empty and incomplete otherwise. Denote by G(B) the set of all diagrams based on B, by 9o(B) the set of all complete diagrams based on B, and by gin(B) the set of all incomplete diagrams based on B. A diagram F' E 9c(B) is called a completion of F E i(B) if E(T) C E(F'
)
